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ABSTRACT 

8 

An a n a l y s i s  of molecular c o l l i s i o n s  which cen te r s  a t t e n t i o n  on 

i n t e r n a l  e x c i t a t i o n  d u r i n g  c o l l i s i o n s  i s  reviewed. 

I n  t h e  z e r o t h  o r d e r  d e s c r i p t i o n  no energy t r a n s f e r  between 

k i n e t i c  energy of r e l a t i v e  motion and i n t e r n a l  energy i s  allowed. 

The evolu t ion  of  t he  system i s  then analyzed a s  a sequence of  cor-  

r e c t i o n s  t o  t h i s  d e s c r i p t i o n .  The theory thus  c e n t r e s  a t t e n t i o n  on 

t h e  migrat ion of energy from k i n e t i c  energy of r e l a t i v e  motion t o  

i n t e r n a l  e x c i t a t i o n  and back. The c o l l i s i o n  event  can involve par-  

t i c i p a t i o n  o f  s t a t e s  (which a re  s t a b l e  t o  ze ro  o r d e r )  where t h e  

k i n e t i c  energy has  been t r a c s f e r e d  i n t o  i n t e r n a l  energy, s o  t h a t  t h e  

r e s u l t i n g  motion i s  a bounded r e l a t i v e  motion of i n t e r n a l l y  e x c i t e d  

c o l l i s i o n  p a r t n e r s .  These s t a t e s  have only a temporary e x i s t e n c e ,  

a s  e v e n t u a l l y  energy flows back i n t o  t h e  r e l a t i v e  motion. 

* 
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4 I. In t roduct ion  

The iLh3;rzti :(=- d z s c r i p t i c c  ef cc!. l isicm between s y s t e m  with 

i n t e r n a l  d e g ~ e e s  of ? Z e d m  has r e c e n t l y  received cons iderable  a t t e n -  

t i o n .  e p r i a a r y  a i m  i s  t o  o 5 t a i n  a d e s c r i p t i o n  of t he  r e l a t i v e  

motion Of EL?;._ ;C L s i m  p a x ~ ~ e r s  which takes  a c s o n t  of the  p o s s i b i l i t y  

of i n t e r n a l  exci+ei.'rnoa d ~ r i n g  the  c o l l i s i o n  process .  I n  o the r  wcrds  

one seeks PP eaLatior_ of nwtiog f o r  the degree of freedom of r e l a t i v e  

motion of the C O ~ ,  i s i o n  pa r tne r s ,  which t akes  an  i m p l i c i t ,  bu t  exac t ,  

account o f  e-hz s t h e r  degrees 06 freedom. 

Wher, a - l y  a srr:sll number of i t a te rna l  s t a t e s  should be taken i n t o  

account ,  QIE can o b t a i n  P f a i r l y  e x p l i c i t  s o l u t i o n  of the  prcblan,  

and t h i s  i s  reviewed i2 s e c t i o n  I$. The a i m  here  i s  t o  review the  

basic ideas  1nvoh-?red a rd  not  t o  genera te  approximation schemes. 

Sec t ion  113. in t roduces  the same concepts from an  e x p l i c i t l y  tinre- 

dependent poi?.?- of view. 

€orins 

i n  s e c t i o n  161. 

11. I n t e r E a l  Exeitatioaz 

A genera l  d i scuss ion  of the  method, which 

the b;dckgroai;d f o r  siibseq,*nn+ U C I L L  work ic t h i s  f i e l d  is presented  

Consider tke  c o l l i s i o n  between a s t r u c t u r e l e s s  p a r t i c l e  .A and 

a molecule R - 2  wi th  one i n t e r n a l  degree of freedom, which we desc r ibe  

by coord ina te  r e We assume t h a t  bes ide  the  ground s t a t e  the  molecule 

B-C 

I n  o t h e r  wos%s we assmze t h a t  f o r  bow ece rg ie s  the  motion i n  tk r 

has several. Low-$yir,g exc i ted  s t a t e s  t h a t  a r e  d i s c r e t e  (bound,). 

coord ina te  is gola-!t.ized. 

If ho i s  +he i n z e r x t i  Hamiltonian of the  molecule b-C , we 

can w r i t e  



non- in te rac t ing .  The t o t a l  energy, E, of the  c o l l i s i o n  p a r t n e r s  

i s  then  the s u m  of the i n t e r n a l  energy of B-C and the  k i n e t i c  

energy of motion. I f  B-C i s  unexci ted before  the  c o l l i s i o n ,  

and i f  the energy of t he  c e n t e r  of mass of t he  whole system i s  

f ac to red  out  

where & i s  the  reduced mass of t he  system A+BC , and ilk i s  

t h e i r  r e l a t i v e  momentum. 

I f  p i s  the  d i s t a n c e  from A t o  the  c e n t e r  of mass of 

B-C , the k i n e t i c  energy ope ra to r ,  K, f o r  t he  r e l a t i v e  motion of 

A and B-C i s  

2 

where gn ( r )  

and, as usual ,  wave func t ions  f o r  d i f f e r e n t  exc i t ed  s t a t e s  a r e  

i s  a wave func t ion  €or  the  n ' t h  i n t e r n a l  exc i t ed  s t a t e ,  

orthogonal,  

The exc i ted  

e, < 
s t a t e s  a r e  l a b e l l e d  i n  the  o rde r  of i nc reas ing  energy 

e 2  < e 3  l m  

Before the c o l l i s i o n  event A and B-C a r e  f a r  apar t  and 

? 

The Hamiltonian, Ho, t h a t  governs the  evo lu t ion  of A and 

B-C p r i o r  t o  the c o l l i s i o n  i s  
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H., = K+h, (5) 

During the collision A interacts with B-C , and the 

interaction is determined by a potential energy operator 

so that the total Hamiltonian H that describes the collision is 

V(r,e) 

The wave function G r p )  that describes the course of 

the collision is the solution of the Schroedinger equation 

with the given value of the energy 

initial conditions (equation 3 ) .  This does not imply, however, 

that during the collision B-C remain unexcited. Due to the 

E which is determined by the 

mutual interaction V , energy can be transfered from kinetic 

energy of relative motion into internal excitation of B-C . 
A quantitative characterization of such a phenomena should 

provide a measure of the internal excitation of B-C during 

the collision. The simplest way of obtaining such a description 

is to put 
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The s ign i f i cance  of the ,  y e t  undetermined, c o e f f i c i e n t s  Qcz(e) i s  

e a s i l y  seen when we @ornp:ite, us ing  equat ion  2. 

The l e f t  hand s i d e  i s  the qGawtum nechanica l  p r o b a b i l i t y  of observing 

the  c o l l i d i n g  systems wi th  a r e l a t i v e  s e p a r a t i o n  of p t o  p +  Ape 

We can thus i n t e r p r e t  i&@[z,q 
f i n d i n g  the system wi th  a s e p a r a t i o n  

i n t e r n a l  s t a t e  n i s  exc i t ed .  

as the  p r o b a b i l i t y  of 

e t o  e + A? when the  

We sha l l  thus r e f e r  t o  an(?) 

as the  amplitude ( s t r i c t l y  speaking i t  i s  the  amplitude d e n s i t y  

s i n c e  

e x c i t e d  when the r e l a t i v e  s e p a r a t i o n  of A and B-C i s  

It should be remembered (al though we have no t  i nd ica t ed  t h i s  

exp 1 i c i  t l y  ) t h a t  an(p) i s  a func t ion  of E . 

p i s  cont inuous)  t o  f i n d  the  n ' t h  i n t e r n a l  s t a t e  of B-C 

e -  

Thus, before  the  c o l l i s i o n  1 & I =I whi le  a f t e r  the  

c o l l i s i o n 1 1  &,12& i s  the observed p r o b a b i l i t y  t h a t  B-C i s  

permanently exc i t eu  i n t o  the  n ' t h  s t a t e  as a r e s u l t  of the  

c o l l i s i o n .  

The i n t e r n a l  Hamiltonian h can also have a continuous 
o 

spectrum which corresponds t o  high i n t e r n a l  e x c i t a t i o n  of B-C 

when t h e  motion i n  the  c o o r d i m t e  r i s  no longer  bounded. 
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I f  the  index n i n  equat ion  8 takes  d i s c r e t e  va lues  only,  then 

t h e  assureed s c l a t i o n  SOH q<r,p) 
t akes  no account of t he  p o s s i b i l i t y  of permanent (QP temporary) 

d i s s o c i a t i o n  of B-6: We sha l l  eva lua te  t h i s  approximation l a t e r .  

i s  a t  b e s t  approximate s i n c e  i t  

I f  the  t o t a l  energy E i s  ~ C J W  s o  t h a t  E < e2 we expect  

t h a t  a f t e r  the  c o l l i s i o n  I &12 = 0 n#l  . This need no t  

hold however f o r  f i n i t e  va lues  of 

of r e l a t i v e  motion can be negat ive,  i n  the  sense t h a t  the  motion 

i n  p can be bounded. I n  o ther  words, dur ing  the  c o l l i s i o n  

energy i n  excess  of zi k / 2 ) . , ~  

w i t h  the  r e s u l t  t h a t  A i s  now bound t o  B-C , and B-C i s  

i n t e r n a l l y  exc i t ed .  Eventual ly  energy w i l l  be t r a n s f e r e d  back 

from i n t e r n a l  energy of B-C i n t o  energy of r e l a t i v e  motion 

and A and B-C w i l l  s tar t  t o  s e p a r a t e  from one another .  

p , where the  k i n e t i c  energy 

2 2  can flow i n t o  i n t e r n a l  e x c i t a t i o n ,  

Even though B-C cannot be permanently exc i t ed ,  it can be 

temporar i ly  exc i t ed  dur ing  the  c o l l i s i o n .  

system is  similar t o  t h a t  normally invoked i n  t h e o r i e s  of uni-  

molecular b r e a k d ~ w n , ~  where the de lay  i n  f ragmentat ion i s  due t o  

the  time l a g  necessary  t o  t r a n s f e r  energy from i n t e r n a l  exc i -  

t a t i o n  t o  energy of unbounded r e l a t i v e  motion. S imi l a r  i deas  

have proved f r u i t f u l  i n  the theory of nuc lea r  c o l l i s i o n s  ( i . e .  

Bohr 's  compound nucleus).  Recently i t  has become c l e a r  t h a t  

similar phenomena play a r o l e  i n  e lectron-molecule  c o l l i s i o n s ,  

when a molecule can temporar i ly  bound an e x t r a  e l e c t r o n  (which 

The r e s u l t i n g  uns t ab le  

5 , 6  corresponds i n  QUH scheme t o  A )  whi le  being i n t e r n a l l y  exc i t ed .  
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It i s  also t o  be expected t h a t  t he  process  of energy t r a n s f e r  

from energy of r e l a t i v e  m ~ t f ~ n .  i n t o  i n t e r n a l  e x c i t a t i o n  and then  

back i n t o  energy of r e l a t i v e  rnot im can take p lace  s e v e r a l  t imes 

i n  the  course of a s inglE c o l l i s i o n .  
7 

The amplitudes an(p) s a t i s f y  equat ion  11 below which is  

obtained by using the  assured form f o r  # i n  the  Schroedinger 

equat ion ,  premul t ip ly ing  by Bn (r) and i n t e g r a t i n g  over r 
* 

where 

I n  m a t r i x  n o t a t i o n  

1 

where I i s  the  u n i t  mat r ix  a i s  a column v e c t o r  of components - - 
- an  2 and - Hp, 0 

Equation 13 is b e s t  solved ~ a s i n g  the  p a r t i t i o n i n g  technique,  

as is  discussed i n  s e c t i o n  Iv. To examine the  main f e a t u r e s  of 

t he  s o l u t i o n  we shall. r e s t r i c t  the  d i scuss ion  t o  the  case  when 

the  index n assumes only two va lues  n = 1,2 s o  t h a t  

, 
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Consider the homogenous forms of these  equat ions .  For 

E > en, n=1,2,  the Hamiltonian K + Hnn(p) w i l l  have a con- 

t inuous  spectrum which correspond t o  the unbounded r e l a t i v e  motion 

of A and B-C i n  i t s  n ’ t h  i n t e r n a l  s t a t e .  I f  the  p o t e n t i a l  

V ( ) i s  a t t r a c t i v e , t h e  Hamiltonian K + HZ2(p) w i l l  a l s o  

have bound s t a t e s  g i ( p )  , i = l Y 2 , . . . ,  of energ ies  below e 2  . 
These correspond t o  a bounded r e l a t i v e  motion of A 

molecule B-C i n  i t s  f i r s t  exci ted s t a t e .  Thus 

22 e 
and the  

and 

L 

8 The formal so lu t ion .  f o r  a ( ) , namely 
Z P  

can be w r i t t e n  ou t  e x p l i c i t l y  us ing  the complete s e t  of s t a t e s  

of H22( (a as 

+ Contr ibut ions  from the  Continum. 
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For E<e2 the  c o n t r i b u t i o n  from the  continuum i s  small 

compared t o  the c s n t r i b u t i w  of the bound s t a t e s .  A s  f3-700 the  

con t r ibu t ion  €ran the  eoxbtinucm has the  form 
8 

and each of the bound s t a t e  wave func t ions  i s  a l s o  exponen t i a l ly  

decreasing a t  i n f i n i t y .  Thus, as expected 

When E - Ei the  p dependence of a2(p 1 i s  e s s e n t i a l l y  

"2( t h a t  of g i ( f3)  s o  -,hat as the  t o t a l  energy inc reases  

gradual ly  changes shape9 t r a c i n g  the  success ive  bound s t a t e s  of 

t he  p o t e n t i a l  Y Q 3 Thus a2(P> can assume s i g n i f i c a n t  

va lue  during ( p f i n i t e )  the  c o l l i s i o n  even though no 

permanent i n t e r n a l  e x c i t a t i o n  can occur.  

22 P 

The formal s o l u t i o n  f o r  a2P) (equat ion  16)  i s  s u b s t i t u t e d  

i n  equat ion 14b t o  g ive  

The homogenous form OS t h i s  equat ion  has a s o l u t i o n  f o r  any 

poss ib l e  E ( E  > @ , I  equat ion  15b. This func t ion  corresponds 

t o  a c o l l i s i o n  even t sub jec t  t o  the  Hamiltonian K f H ( ) , 

namely a Hamiltonian t h a t  takes  no account of i n t e r n a l  exc i -  

t a t i o n s  o f  €3-C. 

11. e 



. 
The actual  s o l u t i o n  a l ( p )  takes i m p l i c i t  account of the  i n t e r n a l  

e x c i t a t i o n  v i a  the added "poten t ia l"  

which can be w r i t t e n  e x p l i c i t l y  as 

T con t r ibu t ion .  
L 

Since E <e2 the  c o n t r i b u t i o n  of t he  continuum i s  nonpos i t ive  

d e f i n i t e ,  so  t h a t  the f i r s t  term i s  a n  upper bound t o  the  t r u e  

p o t e n t i a l .  We have ind ica t ed  e x p l i c i t l y  the  f a c t  t h a t  due t o  

t h e  presence of i n t e r n a l l y  exc i ted  s t a t e s  t h i s  p o t e n t i a l  i s ,  

in p r i n c i p l e j  non-local.  I n  p r a c t i c e  i t  can o f t e n  be approximated 

by a l o c a l  p o t e n t i a l .  7 

Equation 18 i s  now 3 s ing le  v a r i a b l e  equat ion ,  and can be 

8 so lved  us ing  t h e  u s u a l  procedure of s c a t t e r i n g  theory.  Thus 

is  the  i n t e g r a l  equat ion  t h a t  determines the form of $ f o r  

l a r g e  p . There a r e  c l e a r l y  two c o n t r i b u t i o n s  t o  a,(?) , 
which i s  the amplitude t o  f i n d  the  system w i t h  al namely 

r e l a t i v e  s e p a r a t i o n  

i n  i t s  ground s t a t e .  The second term i s  enhancement of t h i s  

p , when B-C i s ,  and always has been, 

9 



ampli tude due t o  the p o s s i b i l i t y  t h a t  

an  i n t e r n a l l y  exc i t ed  s t a t e .  

B-6 has p rev ious ly  been i n  

The course of, t he  ;o lLis ioa  can be followed by i t e r a t i n g  the  

i n t e g r a l  eqsmation ,4 trial. va lue  for  al is used i n  the  r i g h t  

hand s i d e ,  a new va lue  is  computed a i d  used as a t r ia l  va lue ,  and 

so  on. 

‘O’ i s  a soZution of a simple Schroedinger equat ion ,  w i t h  

a l o c a l  p o t e n t i a l ,  and i n  the  p re sen t  contex t  i t  i s  assumed 

known. Using 

which we wr i t e  schemat ica l ly  as 

a L  

as a t r i a l  va lue  we g e t  the  fol lowing s e r i e s ,  “a. 

whe r e 

and the  l i m i t  & + +  0 i s  t o  be taken only a f t e r  all the  implied 

i n t e g r a t i o n s  i n  equat ion  20 have been performed. 

The above p r e s c r i p t i o n  ~f the  Limiting ope ra t ion  in su res  t h a t  

each term behaves when 

requi red  by the physicaL probnen. The above s p e c i f i c a t i o n  a l s o  

i n s u r e s  t h a t  the  evolL,tion of the  system is  forward i n  time. 

This i s  e x p l i c i t l y  denionstrated i n  s e c t i o n  1x1, where i t  i s  

shown t h a t  one can read eqca t ion  20 as i f  time moves from r i g h t  

e-7 w as an outgoing wave as i s  



11 . t o  l e f t ,  o r  i n  o the r  words i n  a given term i n  equat ion  20, events  t o  

the  l e f t  occur  l a te r  than evepts which a r e  t o  the r i g h t .  

Successive terms of equat ion 20 d i f f e r  by the  f a c t o r  

G H G H which correspcnds t o  the  eventof e x c i t a t i o n  t r a n s f e r  

from r e l a t i v e  k i n e t i c  ilzto F n t e r m l  energy (Hal) , evo lu t ion  as 

a n  i n t e r n a l l y  exc i t ed  s t a t e  and the  eventua l  t r a n s f e r  of 

e x c i t a t i o n  back t o  k i n e t i c  energy (H ) . The las t  e v e n t - i n  any 

11 12 22 21 

12 

term (Gll) corresponds t o  the unbounded r e l a t i v e  motion of A 

and B-C i n  i t s  ground s t a t e .  

I n  the  t h i r d  term i n  equat ion 2G we s e e  f o r  t he  f i r s t  time 

the  process  of hea l ing ,  i n  t h a t  a f t e r  the  f i r s t  time t h a t  B-C 

w a s  exc i t ed  and de-exc i ted  the  systems al though performing an 

unbounded r e l a t i v e  motion (Gll) a r e  knocked by a p o t e n t i a l  

(H ) back i n t o  a n  i n t e r n a l l y  exc i t ed  s t a t e ,  before  they had 

t ime t o  separi l te  completely.  Higher o r d e r  t e r m  I n  t h i s  equat ion  

21 

e x h i b i t  s e v e r a l  hea l ing  processes .  

We t h e r e f o r e  e x p e c t ' t h a t  i f  we l e t  A and B-C c o l i d e  

and observe the  "fragmentation" of the  c o l l i s i o n  complex, t h a t  

t he  process  w i l l  r equ i r e  some f i n i t e  time s i n c e  some systems w i l l  

s e p a r a t e  r a p i d l y ,  having never undergone any i n t e r n a l  e x c i t a t i o n ,  

some w i l l  be s l i g h t l y  delayed,  and some, due t o  many hea l ing  

events  w i l l  be very  slow i n  separa t ing .  A q u a n t i t a t i v e  d i s c u s s i o n  

of t h i s  po in t  i s  given i n  s e c t i o n  1161. 

The above d i s c u s s i o n  i s  sub jec t  however t o  .a c e r t a i n  

r e s e r v a t i o n ,  namely t h a t  t he re  i s n o  s i g n i f i c a n t  de l ay  due t o  the  

p o t e n t i a l  H l a ( ( 3 )  . 
e x c i t a t i o n ,  bu t  can be  due t o  the f u n c t i o n a l  form of 

Such a time de lay  cannot be due t o  i n t e r n a l  

Hll( p) i t s e l f .  
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I n  p a r t i c u l a r  the  c e n t r i f u g a l  b a r r i e r  may cause a de lay  i n  the  events  

descr ibed  by i t s e l f .  A s  we s h a l l  argue below (equat ion  31)  

t h i s  f e a t u r e  is i n  fact e x p l i c i t l y  p re sen t  i n  our  r e s u l t s ,  bu t  may 

r e q u i r e  s p e c i a l  a t t e n t i o n  i n  the  i n t e r p r e t a t i o n  of experimental  

r e s u l t s .  

The formal s o l u t i o n  f o r  a i n  terms of a 1 ") can be w r i t t e n  2 

as 

us ing  equat ions 14 and 19. 

The t r a n s  i t  ions %+ 0, and 8,-70, need no t ,  i n  gene ra l  

occur a t  the  same va lue  of p . The r e l e v a n t  ope ra to r  

H21G11H12 i s  thus non-local.  It can be w r i t t e n  e x p l i c i t l y  as  

where 

Due t o  the continuous spectrum of the  Hamiltonian K +HI1 7 

possess an  imaginary p a r t .  I n  the  5 1 the  Greenf s opera to r  

p re sen t  contex t  t h i s  impl ies  t h a t  no t  all the  systems t h a t  undergo 

the  t r a n s i t i o n  @ , + g ,  w i l l  undergo the  r eve r se  process .  The 

p r o b a b i l i t y  of being i n  a n  i n t e r n a l l y  exc i t ed  s t a t e  i s  no t  cons t an t  

. 

i n  t ime, s i n c e  the system may undergo a permanent t r a n s i t i o n  t o  the  



13 

unexci ted s t a t e  i n  t h a t  A and unexcited B-C s epa ra t e  wi thout  

hea l ing .  

The magnitude of the imaginary p a r t  of t he  e f f e c t i v e  p o t e n t i a l  

f o r  a i s  determined by the  i d e x t i t y  2 

s o  t h a t  

1 From equat ions  14 and 2 1  we o b t a i n  a c losed  s o l u t i o n  f o r  a 

( 2 4 )  

I n  t h i s  equat ion  the  r o l e  of i n t e r n a l l y  exc i t ed  s t a t e s  i s  completely 

accounted f o r  by the  Green's opera tor  i n  t h e  square bracke t .  

I n  the  neighborhood of Ei we can approximate > 

us ing  equat ion  1 7 ,  by 



s o  t h a t  

(26)  

which can be solved,  by premul t ip ly ing  by 

i n t e g r a t i n g  over (3 t o  g ive  

where 

w i l l  pose an imaginary p a r t .  PPQT'I equat ion  23 

where O ( E )  i s  the  d e n s i t y  of s t a t e s .  

It i s  of i n t e r e s t  to examine the  behaviour of a(cp) for 

s-wave s c a t t e r i n g .  I n  this case the re  i s  no c e n t r i f u g a l  b a r r i e r  

and one expects the  phase s h i f t s  due t o  the  p o t e n t i a l  

t o  be slowly vary ing  as fun.ction of the  energy. Thus f o r  -7W 

HI1(P) 

14 

? 

t 
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From equat ion  26 

Using equat ion  23,  26,  and 30 we have as p -> PQ 

where 

i s  the  phase s h i f t  due t o  the  i n t e r n a l  s t a t e s .  

The t o t a l  phase s h i f t  i s  the sum of the  phase s h i f t  & , 
due t o  the p o t e n t i a l  HI1 only p l u s  the  phase s h i f t  6 L  due t o  

the  occupat ion of the  i n t e r n a l l y  e x c i t e d  s t a t e s .  Formally A 
i s  the  phase s h i f t  due t o  the  e f f e c t i v e  p o t e n t i a l  H G H i n  1 2  22  2 1  

equat ion  18. 



The reso lu t iox .  s f  the phase s h i f t  i n t o  two con t r ibu t ions  i s  
. 

j u s t  one examp?e of t h e  i n t e g r a l  HeLlnann-Feyman theorem. (For 

o t h e r  app l i ca t ions  see  r e f ,  9 ) .  

i n  one dimensional m r i r s ,  d:e t o  the p o t e n t i a l  

The change i n  the  d e n s i t y  ~f s t a t e s  

10 
Val i s  given by 

The actual change i n  the  d e n s i t y  of s t a t e s  i s  

Various s t a t i s t i co -mechan iea1  g i a z t i t i e s  can be def ined  i n  

terms sf the d e n s i t y  o f  s t a t e s  of the system. 

phase the lowest co r rec t ions  t o  the  i s o l a t e d  molecule approxi-  

mation a re  those due  to binary  encounters  between molecules.  

The change i n  the  d e n s i t y  of s t a t e s  due t o  these  encounters  i s  

given by A(E)  (equatiora 33b) .  M ~ s t  s t a t i s t i co -mechan ica l  

expressions a r e  l i n e a r  in A ? 

I n  the  d i l u t e  gas 

> 

s o  t h a t  

> (34) 

T 



. , 

. 

c 

where &8 zz Lffi  - AIo) 3 is due to internal excitation 

during the collision. As we shall show in section I11 equation 33 

is also relevant to compulting the duration of collisions. 

111. The Time Evolution 

At a given time the probability to observe A and B-C at a 

relative separation 

probabilities to observe A and B-C in .the n'th internal state 

at a relative separation p , (Eqation 9). The different 

events "B-C is in the n'th internal state" are thus mutually 

exclusive. In other words the reduced density matrix 

that determines the behaviour in the coordinate 

in the index n 

p , can be written as a sum of the 

X Q J P ' ~  
P is 

Let (J (--) be the evolution operator 

The teduced evolution operator that determines the evolution 

of the relative separation is defined by 



where 

U(p,p'; t ) 
r e l a t i v e  sepa ra t ion  p' , it  w i l l  be found a t  a time t wi th  r e l a t i v e  

sepa ra t ion  p 
i n t e r n a l  s t a t e s  s i n c e  f o r  a f i n i t e  time t t r a n s i t i o n s  between i n t e r n a l  

s t a t e s  a re  poss ib l e .  

i s  the amplitude t h a t ,  i f  the  system were observed wi th  

This express ion  i s  no t  d iagonal  i n  the  index of 

The mat r ix  elements (~IUlt)]bltl> a r e ,  of course,  

ope ra to r s  on P .  
The evolu t ion  ope ra to r  t h a t  determines the  forward evo lu t ion  i n  

where $ ( t )  i s  the  s t e p  funct-on t h a t  vanishes  f o r  nega 

of i t s  argument, and i s  un i ty  otherwise.  It then  fol lows 

(38) 

ive  va lues  

t h a t  

U + (t)  

of the  Fourier  t ransforms of U ( t )  and the  s t e p  func t ion .  

can b e  w r i t t e n  as the  Four i e r  t ransform of the  convolut ion 

10 

U + ( t )  = (2  TT i) exp(-Et>(E+-H)-ldE , E+ = E + i E  (39 1 

-1 
where (E+-H)-l  i s  the  convolut ion of (E-H) and (E+)-' . 
I f  we denote G+ = (E+:H) s o  t h a t  

-1 

(.E+-H) G+ = I (40 )  

we can  eva lua te  the  mat r ix  elements (n-1 q+ I Vl4 > . I n  the  two 

s t a t e  approximation we f i n d ,  by t ak ing  the  n,m expec ta t ion  
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s o  t h a t ,  f o r  example 

where 

. 

Equation 24 can now be w r i t t e n  as 

and the i t e r a t e d  f 0 m ,  

> ( 4 3 )  

equat ion 20 corresponds t o  the  i t e r a t i o n  

The i t e r a t i o n  i s  thus  inhe ren t ly  time ordered.  
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To incorpora te  e x p l i c i t l y  the i n i t i a l  cond i t ions  before  the  

c o l l i s i o n  i t  i s  convenient t o  in t roduce  the  MblLer wave ope ra to r  n . 11 
Consider t he  evo lu t ion  of t he  i n t i a b ,  p r e - c o l l i s i o n ,  s t a t e  of the  

system, i n  the  absence sf: the  m u t u a l  i n t e r a c t i o n  between A and B-C. 

Let  v(.k) be the  s t a t e  of t h i s  hypo the t i ca l  system a t  time t . 
The a c t u a l  s t a t e  of the  system @It) i s  then given by 

s o  t h a t  i t  corresponds t o  an i n i t i a l  s t a t e  f o r  a c o l l i s i o n  wi th  a 

w e l l  def ined energy. 

bu t  has a spread sf: values .  The d e n s i t y  func t ion  f(E) i s  

def ined  so t h a t  E(E)dE i s  the  p r o b a b i l i t y  of an  i n i t i a l  s t a t e  

t o  have an energy between E and E d E  . The actual  i n i t i a l  

s t a t e  i n  a c o l l i s i o r ?  wi th  € ( E )  as the energy d e n s i t y  i s  

I n  p r a c t i c e  the  energy i s  no t  w e l l  def ined  

I f  7 &) i s  n o ~ .  a sharp  energy s t a t e  i t  can be w r i t t e n  as 

IEo where @(E) i.s an e i g e n s t a t e  of 

11 
The MthBker wave ope ra to r ,  i s  l i n e a r  i n  the  sense t h a t  
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a&&) i s  thus an  e i g e n s t a t e  of H t h a t  evolved from the  s t a t e  

@(E) of the  same t o t a l  energy E . 
It can be shown t h a t  an opera tor  d e f i n i t i o n  f o r  a i s  given 

The mat r ix  e lements 'o f  the wave ope ra to r  have been previous ly  

determined when we solved f o r  $ i n  s e c t i o n  11. 

equat ions  8, 44 and 45 

Thus, from 

. 
There a r e  two sources  of energy v a r i a t i o n  of t he  in tegrand .  

f (E)  which i s  the  experimental  energy r e s o l u t i o n  of t he  i n i t i a l  

s t a t e  (equat ion  4 5 )  and a l ( p )  (equat ion  4 3 ) .  a l ( p )  can be 

reso lved  i n t o  al (6) ( p> which (a t  l e a s t  f o r  a n  s-wave) i s  

s lowly vary ing  and a component due t o  i n t e r n a l  e x c i t a t i o n  which 

can, i n  some energy i n t e r v a l ,  vary r a p i d l y ,  as func t ion  of E . 
I n  the  same fash ion  
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A s  p --ZOO 

and the  amplitude observe the  system w i t h  a r e l a t i v e  s e p a r a t i o n  

the  second amplitude decreases  exponen t i a l ly  ( E  < e 2) , 
p 

( P -7p0) a t  time t i s  given by (1 \Qk)>. 
For an s-wave, when only one v i b r a t i o n a l  s t a t e  g i ( p )  i s  

1 
i n t e r n a l l y  exc i t ed ,  we hhve using equat ions  31 and 49 

The f i r s t  i n t e g r a l ,  I{ [k) , i s  the  c o n t r i b u t i o n  from the  

c o l l i s i o n s  t h a t  d id  not  involve i n t e r n a l  e x c i t a t i o n .  I f  F ( t )  

i s  the  Fourier  t ransform .of f (E) and b l ( t )  i s  the va lue  of 
b 

t he  i n t e g r a l  when € ( E )  1 , we have t h a t  

If f ( E )  i s  a slowly vary ing  func t ion  of E 

The second i n t e g r a l ,  being the c o n t r i b u t i o n  P due t o  i n t e r n a l  

e x c i t a t i o n  i s  given,  when (E)  i s  r a p i d l y  Varying, as 

7 

where 
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The exac t  r e s u l t  f o r  fplk] 
F ( t )  , b et) 

i s ,  of course,  t he  convolut ion of 

and the Four i e r  transform of exp CCkP 4-2s 2 

Using equat ion  32, and neglec t ing  the  v a r i a t i o n  of T#LE) 

w i t h  E 

c 

where k p  = 2Ep/bV and v i s  the  average r e l a t i v e  

v e l o c i t y  of the  i n i t i a l  c o l l i s i o n  pa r tne r s .  

An a l t e r m t i v e  way t o  eva lua te  the  i n t e g r a l s  i s  by a s t a t i o n a r y  

phase argument. We want  t o  compute the  de l ay  A t  i n  the  time 

requi red  f o r  a s i g n a l  t o  reach the  d e t e c t o r  a t  p o s i t i o n  due 

t o  the  i n t e r a c t i o n .  I n  the absence of i n t e r a c t i o n  the  i n t e n s i t y  

i s  given by 

p 

(1 I?&)> with ,  f o r  an  s -wave, 

Due t o  the  i n t e r a c t i o n  the i n t e n s i t y  i s  (4 I QLt)) wi th  

given by equat ion 31. For a given va lue  of e t he  

s i g n i f i c a n t  va lues  of t he  i n t e g r a l s  occur f o r  values of t t h a t  

d i f f e r  by the de lay  t i m e  A t  . Since the  s i g n i f i c a n t  va lues  of 

each i n t e g r a l  occur for those values  of t t h a t  t he  in tegrands  

a r e  s t a t i o n a r y ,  we have from equat ion 31 

2 cl LI5-+0) 
fL =\.,E. 

A t  = - . ( 5 3 )  
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( c f .  eqsaatioa 33b. 

r e fe rences  LO and L l > o  

PO%: an a l t e r n a t i v e  d e r i v a t i o n  s e e  f o r  example 

In the same fa sh ion  we car? use the  i t e r a t e d  express ion  f o r  a,(p) 

(equat ion 201, i n  equat ion  49. 

t i o n a l  s t a t e  g i & p )  i s  relevant-  

F Q ~  an s-wave when only one v i b r a -  

A s  i s  eariden?, h igher  va lues  of n , which correspond t o  s e v e r a l  

t r a n s i t i o n s  i n  and o a t  of, the s t a t e  

va lues  of t- i n  12(r) Thus success ive  o rde r s  of the  i t e r a t i o n  

correspond to e v e n t s  of inc reas ing  du ra t ion .  

g i ( p )  c o n t r i b u t e  t o  h igher  

171. Discussion 

I n  genera l  t he re  a r e  s e v e r a l  i n t e r n a l  s t a t e s  of B-C t h a t  

should be taken i n t ~  account even when only H ( i s  i n  the  

energy region of i n t e r e s t .  To cons ider  t h i s  case i t  i s  convenient 

t o  p a r t i t i o n  the matrix eqbat ion  13 as 

22 P 
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where 

. 

The one 1 
2 -  These equat ions  reduce t o  equat ions 14 when a = a 

component equat ion  t h a t  corresponds t o  equat ion  18 can now be 

w r i t t e n  as 

- 

The e f f e c t i v e  p o t e n t i a l  can be w r i t t e n  e x p l i c i t l y  i n  terms 

of the  e igenfunct ions  of the  Hamiltonian 

Due t o  the  coupl ing terms 

cannot be i d e n t i f i e d  wi th  a p o t e n t i a l  generated by a p a r t i c u l a r  

V n m ( ~ )  (n,m # 1) these  e igenfunct ions  

e x c i t e d  s t a t e  of B-C . 
Consider a "step-1addert8 model where only near-neighbours 

a r e  coupled. (In the  sense t h a t  H = H + H 6 ) a  

For the  simple case  of only three  i n t e r n a l  s t a t e s  equat ion  55 can 

n , m  n , m  n , m  n , m  n,n&l 

be w r i t t e n  



s o  t h a t  

and 

Even i f  H ( ) i s  no t  binding,  the  las t  term i n  the  square 
22 P 

bracket  may modify H Z 2 ( P )  s u f f i c i e n t l y  t o  cause binding. I n  

p a r t i c u l a r  when E i s  below the  lowest e igenvalue of K + H33 > 

t h i s  term is non-negative d e f i n i t e .  

Consider a d i v i s i o n  of the  i n t e r n a l  s t a t e  of B-C i n t o  two 

c l a s s e s .  Equation 55 i s  now w r i t t e n  

s o  t h a t  

i s  the  e f f e c t i v e  Schroedinger equat ion  f o r  t h e  f i r s t  group only.  

I f  

Qli L = (2J ? 

we rep lace  equat ions 14 by 
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where 

Equations 58 bear  f ~ r m a l  resemblance only: t o  equat ions 14 

s i n c e  is  i n  p r i n c i p l e  a non-local  p o t e n t i a l .  It should 

be borne i n  mind however t h a t  under s u i t a b l e  condi t ions  i t  can 

o f t e n  be approximated by a l o c a l  p o t e n t i a l .  One of the  poss ib l e  

c r i t e r i a  f o r  the  o r i g i n a l  d i v i s i o n  of t he  s t a t e s  of B-C i s  the 

gene ra t ion  of a p o t e n t i a l  u which can be approximated by a 

l o c a l  p o t e n t i a l .  I n  t h i s  way the d i s t o r t i o n  of t he  p motion 

due t o  the  high exc i t ed  i n t e r n a l  s t a t e s  can be taken i n t o  

account  w i t h i n  the  formal aachinery of a few-s ta te  approximation. 

L 

A s  i s  known i t  i s  poss ib le  t o  c a r r y  out  a p a r t i t i o n i n g  o f  

a wave func t ion  us ing  a p r o j e c t i o n  ope ra to r  f d r r n a l i ~ m . ~ ’ ~ ~  

d i s c u s s i o n  i n  s e c t i o n  II: corresponds t o  in t roducing  a p r o j e c t i o n  

The 

ope ra to r  P 

P = I d 7 > < +  
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s o  t h a t  

The approximation o f  cons ider ing  only two i n t e r n a l  s t a t e s  

corresponds t o  r e s t r i c t i n g  the  complement of P , I-P , t o  

The co r rec t ions  t o  t h i s  approximation a r e  introduced by 

p u t t i n g  

and e l imina t ing  6?+ , which leads  t o  equat ion  58. 

Qther  choices  f o r  P a r e  c l e a r l y  poss ib l e ,  i n  t h a t  P 9 i s  

only def ined s o  t h a t  as 

exc i t ed  s t a t e s .  One can, f o r  example, d e f i n e  P by 

e 4 4 0  
, it  inc ludes  no i n t e r n a l l y  

where &, [kip) 
t h a t  tends t o  $,(r) as e 3 w  . These a spec t s  of t he  problem 

w i l l  be discussed i n  a sepa ra t e  r e p o r t .  

i s  the  a d i a b a t i c  e l e c t r o n i c  wave func t ions  

- - - - -  
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